We perform here a global analysis of the growth index γ behaviour from deep in the matter era till the far future. For a given cosmological model in GR or in modified gravity, the value of γ(Ω m ) is unique when the decaying mode of scalar perturbations is negligible. However, γ ∞ , the value of γ in the asymptotic future, is unique even in the presence of a nonnegligible decaying mode today. Moreover γ becomes arbitrarily large deep in the matter era. Only in the limit of a vanishing decaying mode do we get a finite γ, from the past to the future in this case. We find further a condition for γ(Ω m ) to be monotonically decreasing (or increasing). This condition can be violated inside general relativity (GR) for varying w DE though generically γ(Ω m ) will be monotonically decreasing (like ΛCDM), except in the far future and past. A bump or a dip in G eff can also lead to a significant and rapid change in the slope dγ dΩm . On a ΛCDM background, a γ substantially lower (higher) than 0.55 with a negative (positive) slope reflects the opposite evolution of G eff . In DGP models, γ(Ω m ) is monotonically increasing except in the far future. While DGP gravity becomes weaker than GR in the future and w DGP → −1, we still get γ DGP ∞ = γ ΛCDM ∞ = 2 3 . In contrast, despite G DGP eff → G in the past, γ does not tend to its value in GR because dG DGP eff dΩm −∞ = 0. *
Introduction
Despite intensive activity in recent years, the late-time accelerated expansion rate of the universe remains a theoretical challenge. A wealth of theoretical models and mechanisms were put forward for its solution, see the reviews [1] . Remarkably, the simplest model -GR with a non-relativistic matter component (mainly a non-baryonic one) and a cosmological constant Λ -is in fair agreement with observational data, especially on large cosmic scales. Notwithstanding the theoretical problems it raises, this model provides a benchmark for the assessment of other dark energy (DE) models phenomenology. One can make progress by exploring carefully the phenomenology of the proposed models and comparing it with observations [2] . Tools which can efficiently discriminate between models, or between classes of models (e.g. [3] ) are then needed. The growth index γ which provides a representation of the growth of density perturbations in dust-like matter, is an example of such phenomenological tool. Its use was pioneered long time ago in order to discriminate spatially open from spatially flat universes [4] and then generalized to other cases [5] . It was later revived in the context of dark energy [6] , with the additional incentive to single out DE models beyond GR. The growth index has a clear and important signature in the presence of Λ: it approaches 6/11 for z ≫ 1 and it changes little from this value even up to z = 0. This behaviour still holds for smooth noninteracting DE models inside GR with a constant equation of state w DE . A strictly constant γ is very peculiar [7, 8] . On the other hand, this behaviour is strongly violated for some models beyond GR, see e.g. [9, 10] . Surprisingly, important properties of the growth index behaviour can be understood by making a connection with a strictly constant γ. Further, while present observations probe low redshifts z 2, still as we will see, more insight is gained looking at the global evolution of γ. Before starting this analysis, we first review the basic formalism for the study of the growth index γ.
The growth index
In this section, we review the basic equations and definitions concerning the growth index γ. Let us consider the dynamics on cosmic scales at the linear level of density perturbations δ m = δρ m /ρ m in the dust-like matter component. Deep inside the Hubble radius their evolution obeys the following equation
where H(t) ≡ȧ(t)/a(t) stands for the Hubble parameter and a(t) is the scale factor of a Friedmann-Lemaître-Robertson-Walker (FLRW) universe filled with standard dustlike matter and DE (we neglect radiation at the matter and DE dominated stages). For vanishing spatial curvature, we have for z ≪ z eq
ρ cr,0 . Equality (2) will hold for all FLRW models inside GR. It is still valid for many models beyond GR with appropriate definition of the dark energy sector. We recall the definition
and the useful relation
Introducing the growth function f ≡ d ln δm d ln a and using (4), equation (1) leads to the equivalent nonlinear first order equation [11] df dN 5) with N ≡ ln a. Clearly f = p if δ m ∝ a p (with p constant). In particular f → 1 in ΛCDM for large z and f = 1 in the Einstein-de Sitter universe. Also, if the dependence f (N) is known from observations, the Hubble function H(z) and finally the scale factor a(t) dependence can be determined unambiguosly in an analytical form [12] (see [13] for implementation of this to recent observational data).
The following parametrization has been intensively used and investigated in the context of dark energy
where γ is dubbed growth index, though in general γ(z) is a genuine function. It can even depend on scales for models where the growth of matter perturbations has a scale dependence. The representation (6) has attracted a lot of interest with the aim to discriminate between DE models based on modified gravity theories and the ΛCDM paradigm. It turns out that the growth index is quasi-constant for the standard ΛCDM from the past untill today. Such a behaviour holds for smooth non-interacting DE models when w DE is constant, too [7] . In many DE models outside GR the modified evolution of matter perturbations is recast intoδ
where G eff is some effective gravitational coupling appearing in the model. For example, for effectively massless scalar-tensor models [14] , G eff is varying with time but it has no scale dependence while its value today is equal to the usual Newton's constant G. Introducing for convenience the quantity
equation (7) is easily recast into the modified version of Eq. (5), viz.
where the same GR definition Ω m = 8πGρm 3H 2 is used. Some subtleties can arise if the defined energy density of DE becomes negative. When the growth index γ is strictly constant, it is straightforward to deduce from (9) 
The quantity w(Ω m , γ) defines a function in the (Ω m , γ) plane which will be useful even when γ is not constant. The case g = 1 reduces to GR and we will simply write
Below, for any quantity v, v ∞ , resp. v −∞ , will denote its (limiting) value for N → ∞ in the DE dominated era (Ω m → 0), resp. N → −∞ (generically Ω m → 1). We have in particular from (10) 
Here we assume that w < 0 to get matter dominated stage in the past and dark energy dominated stage in the future. In addition, Eq. (13) requires that w ∞ < − 1 3 to have 0 < γ < 1, otherwise w ∞ becomes infinite.
As it was found in [8] , these relations between a constant γ and the corresponding asymptotic values w ∞ and w −∞ apply also for the dynamical γ obtained for an arbitrary but given w DE . In the latter case, we obtain for g = 1
with w ∞ , resp. w −∞ , the asymptotic value of w DE in the future, resp. past. We will return later to this important property.
Global analysis in the (Ω m , γ) plane
It is natural to consider Ω m as the fundamental integration variable. In this case the evolution equation for γ obtained from (9) using (6) yields
where we have defined α ≡ 3w DE .
We restrict ourselves in this section to GR i.e. g = 1. This equation is well defined provided w DE is a given function of Ω m only. In particular (17) can be readily used for constant w DE . For arbitrary w DE (a) we can either express a as a function of Ω m or write (17) using the integration variable a. Note that the function a(Ω m ) is one-to-one for w DE < 0. We consider here all the solutions to equation (17) on the entire Ω m interval. Each integral curve of equation (17) is the envelope of its tangent vectors 1 dγ dΩm
The collection of all these tangent vectors defines a vector field that can be written
where we have defined
For convenience, we have written the vector field in this way in order to have explicitly regular functions, so this vector field is well-defined everywhere for (Ω m , γ) ∈ [0, 1]×R. The associated unit vector field is represented in fig.(1 
The integral curves of this vector field (i.e. the phase portrait), are obtained by solving the autonomous differential system
where s ∈ R + is a dummy variable parametrizing the curves. The vector field corresponding to w DE = −1 is displayed on fig. (1) and will be considered now for concreteness. The growth index γ(Ω m ) which starts at γ(1) ≡ γ −∞ = 6/11 is the only curve γ(Ω m ) which is finite everywhere. This curve corresponds to the presence solely of the growing mode of eq.(1) or equivalently to the limit of a vanishing decaying mode. Let us consider this point in more details. Generally, in the presence of two modes δ ≡ δ 1 + δ 2 , we have
where f 1 > 0, resp. f 2 < 0, corresponds to the growing mode δ 1 , resp. decaying mode δ 2 . Inspection of (23) shows
For concreteness we consider the situation around today. If both modes are positive we have f < f 1 and hence γ > γ 1 . As we go back in time (Ω m → 1), f → f 2 and so γ → ∞ when f ≈ 0. Let us consider now the situation δ 1 × δ 2 < 0 with |δ 1 | > |δ 2 | today. Now we have today f > f 1 and therefore γ < γ 1 . When we go backwards, f → ∞ at some point where the absolute value of both modes become (17) is displayed for w DE = −1. The red curve corresponds to the solution for γ, with boundary condition γ(1) ≡ γ −∞ = 6/11. It is the only solution which is finite on the entire Ω m interval, physically it corresponds to the presence of the growing mode of (1) only. The difference can be important in the far past only. All the other solutions correspond to solutions containing also the decaying mode solution. As explained in the text, these solutions (if physical) tend to the same value of γ, namely γ ∞ = 2 3 , for Ω m → 0, and they diverge for Ω m → 1. Some integral curves γ(Ω m ) are shown on figure (2) . equal, hence in that case γ → −∞. These different situations are shown on figures (1) and (2).
Another interesting point concerns the asymptotic future (Ω m → 0). Inside GR, the solution to eq. (17) 
The crucial point is that the same asymptotic behaviour is obtained for all cases where the decaying mode is present, up to a change of the prefactor in (24) which depends on the initial conditions and on the amplitude of the decaying mode with respect to the growing mode. This immediately follows from the fact that one can neglect the last term in eq.(1) in this regime, so that
The same occurs for the more general modified gravity eq. (7), apart from the case of an anomalously large growth of G ef f in the future. On the other hand we have in the
Using the definition of γ, eq. (6), it is straightforward to obtain
for all curves with γ today smaller or larger than the value obtained when we integrate eq. (17) with γ(1) = γ −∞ (= 6 11 for w DE = −1). This is somehow complementary to the results obtained in [15] where the limit of a vanishing decaying mode was considered, however allowing for models beyond GR. Of course, in standard cosmological scenarios, the decaying mode is negligible already deep in the matter era so this result is essentially of mathematical interest. This is nicely illustrated with figure (2) for w DE = −1, all curves tend to the same limit γ ∞ = 2 3 but only one curve, corresponding to the limit of a purely growing mode, tends to the finite value γ −∞ = 6 11 in the past.
Connection with a constant gamma
In this section we want to consider more closely the slope of γ(Ω m ) when γ evolves with time and this will allow us to find an interesting connection with the constant γ case. It is seen from (17) that a solution can satisfy dγ dΩm = 0 in the (γ, Ω m ) plane only on the curve Γ(Ω m ) defined as
where w DE is the true equation of state (EoS) of the DE component of the system under consideration, while w is given in (10) . We can view w(Ω m , γ) as a given function of both variables Ω m and γ, while w DE is the EoS of DE given in function of Ω m . Hence in each value of Ω m , the curve Γ(Ω m ) takes that value of γ such that
The fact that Γ(Ω m ) is not constant just means that the solution γ(Ω m ) of (17) is not constant. The curve Γ(Ω m ) defined by (28) satisfies by construction in the asymptotic future
Hence we have in view of equalities (15) and (13) 
Analogously, we get in the asymptotic past
with, using (16) and (14) Γ (1) 
It is exactly here that we can use the crucial property reminded at the end of Section 2. Indeed, as it was shown in [8] , the solution γ(Ω m ) of (17) starts at γ −∞ in the past and tends to γ ∞ in the future (whence our choice of notation). In other words the curves Γ(Ω m ) and γ(Ω m ) meet at their endpoints (see figure (2)). Above the curve Γ(Ω m ), dγ dΩm > 0 while dγ dΩm < 0 below it. We see that Γ(Ω m ) is monotonically decreasing while the endpoints γ ∞ and γ −∞ , with γ ∞ > γ −∞ , are identical for both curves. Therefore γ(Ω m ) cannot cross Γ(Ω m ) at 0 < Ω m < 1. The dashed lines are integral curves γ(Ω m ) however with γ(1) = γ −∞ = 6/11. Still, as explained in the text while these curves diverge in the past, they all converge to the same limit γ ∞ in the future. Physically, all the dashed curves shown here correspond to density perturbations with a non negligible decaying mode. Note that those dashed curves which cross the curve Γ(Ω m ) satisfy dγ dΩm = 0 where they cross.
It is also seen from (17) that all points (γ, Ω m ) above the curve Γ(Ω m ) satisfy dγ dΩm > 0; on the other hand in the region below Γ(Ω m ) we have dγ dΩm < 0. Let us assume that (28) represents a monotonically decreasing function of Ω m , hence γ ∞ > γ −∞ . This holds for example for all constant EoS of DE inside GR. Then it is clear that γ(Ω m ) cannot cross the curve Γ(Ω m ) at some value γ 1 with γ −∞ < γ 1 < γ ∞ . If it did, γ(Ω m ) would cross with a zero derivative and have its minimum at γ 1 . This is in contradiction with γ −∞ < γ 1 .
This also shows that a change in the sign of the slope of γ(Ω m ) is possible only if Γ(Ω m ) is not a monotonically decreasing function of Ω m . Note that the slope of γ(Ω m ) does not vanish at Ω m = 1 and Ω m = 0 even though γ(Ω m ) and Γ(Ω m ) meet there. Actually it even diverges in Ω m = 0 [8] . Indeed, we have that the prefactor of the first term of (17) vanish there leaving the slope a priori unspecified.
For a given growth function f , a lower Ω m implies a lower γ. For a given Ω m on the other hand, a decrease in f induces an increase in γ. All this is clearly understood from the equality γ = ln f ln Ωm . When γ(Ω m ) is monotonically descreasing, and this is the case for generic w DE inside GR, it is the second effect which prevails.
Systems with a non monotonic γ(Ω m )
We can consider now several cases where the growth index is not a monotonically decreasing function of Ω m .
Varying equation of state w DE
The first case that comes to one's mind is an oscillating equation of state w DE . Indeed, it is easy to show that Γ(Ω m ) is no longer monotonically decreasing in this case and that γ may oscillate provided the oscillations in w DE , and hence in Γ(Ω m ), are sufficiently pronounced. Observations however do not seem to favour such oscillations. We rather want to investigate whether a smoothly varying EoS can lead to a change in slope of γ. For this purpose we use the parametrization in terms of x ≡ a a 0 [16] w
We consider the cases with
The first inequality is to enforce the domination of matter (and the disppearance of DE) in the past. We also restrict our attention to w a > 0 in order to have a varying EoS leading to the opposite case in the future, namely DE domination and disappearance of matter. Also we will not impose the restriction w DE ≥ −1 valid for quintessence (a self-interacting scalar field minimally coupled to gravity) and admit arbitrarily negative values of w DE . We consider conservative values 0 < w a ≤ 0.5 and w 0 ≈ −1. We obtain that γ(x) is quasi-constant deep in the matter dominated stage and starts decreasing (with the expansion) in the past typically at z ≃ 10, this decrease being stronger as w a is larger. In the future, a bump is obtained typically at z ≃ −0.9, which is higher for lower w a , this bump would essentially disappear for w a = 0.8. Finally in the asymptotic future γ → 1 2 as we expect for w ∞ → −∞. In function of Ω m , γ will be increasing deep in the DE domination typically till Ω m ≃ 10 −5 , then decreasing till Ω m ≃ 0.7, and finally increasing again for w a 0.2. To summarize, γ(Ω m ) is essentially slowly varying and decreasing from the past to the future in this case covering in particular the range probed by observations. The Figure 3 : The evolution of γ is shown for CPL varying w DE . We see that γ(Ω m ) is essentially decreasing except in the remote future and, for w a 0.2, in the far past. Note the value γ ∞ = 1 2 as expected for w ∞ = −∞. 
Beyond GR: a bump or a dip in g
There is however another way to have a change of slope of γ, and possibly in the range probed by observations. This is in the framework of modified gravity (see e.g. [17] ) when g is substantially varying and this can take place even when w DE is almost constant and close to −1. We have to use the modified version of (17) with F (Ω m ; γ) replaced by F (Ω m ; g, γ) where g can be some arbitrary function, no longer equal to one as in GR. As we have already said earlier, a decreasing Ω m tends to decrease γ while a decreasing f tends to increase it, see eq.(27). A substantially varying g can work in both ways depending on how it boosts or dampens the growth and on the time this process takes place. In other words it can strongly affect f even if the background evolution remains "standard". A boost in g was already found some time ago for f (R) modified gravity. Let us consider more closely this case. When the bump in g has reached its maximum (≈ 4 3 ) in the past, g is already starting on low redshifts its decrease towards its asymptotic value 1 while still being higher today than 1. This explains the low value γ 0 ≈ 0.42 obtained in [9, 10] but also the large negative slope dγ dz ≈ −0.25. It would also be possible in principle in f (R) models to have a bump whose maximum is reached in the future with g today already substantially larger than one. In that case γ 0 could be again substantially lower than 0.55 however now the slope on low redshifts would be positive, increasing with z. While in f (R) models we have g ≥ 1, one can have modified gravity models with gravity weaker than GR. Then a decrease of g on low redshifts yields an increasing γ on these redshifts. This is in agreement with results found in [18] . These provide good examples for which a global analysis gives more insight: on a background with w DE = −1, γ today higher than γ ΛCDM with dγ dz > 0 tells us that that we have presently passed a dip in g. On the other hand γ today lower than γ ΛCDM with dγ dz < 0 occurs if we have presently passed a bump in g. Roughly speaking, we have γ increasing, resp. decreasing when g is decreasing, resp. increasing, so they have opposite behaviours. We note finally a shift in the location of the extrema of g and of γ and as expected a dependence on the location and on the width of the bump in g. These properties are shown on figures 4. Figure 4 : a) Left-hand panel: a schematic representation is given when there is a bump, here chosen to be slightly in the past (we take Ω m,0 = 0.3) while the background expansion is fixed (w DE = −1). We see that γ decreases first (with expansion) when g goes up before increasing when g decreases back to one. It is this last behaviour which was found today in many f (R) models. Hence the sign of the derivative tells us that we (just) passed the maximum of the bump. Note that γ bump and γ ΛCDM shown here have the same asymptotic values both in past and future because g → 1 in a smooth way and they have identical w DE = −1. The behaviour on small redshifts and in the future captures essentially the f (R) phenomenology. b) Right-hand panel: the same as on the left panel but now with a dip in g starting today. At the present time, γ > γ ΛCDM and γ is decreasing with expansion reflecting that g is increasing and we have passed the minimum of the dip.
Beyond GR: DGP model
Another interesting example is provided by DGP brane models [19] . Let us note first that in this model both g and w DE are given explicitly in terms of Ω m as follows [20] 
Hence it is straightforward to integrate γ(Ω m ) using the integration variable Ω m as in (17) . It is seen from (36) that w DGP tends to w DGP ∞ = −1 in the future while g DGP tends to g DGP ∞ = 2 3 in the future. So in the future the expansion looks like ΛCDM, however cosmic perturbations feel a weaker gravity. In the past w DGP tends to w DGP −∞ = − 1 2 while g DGP tends to g DGP −∞ = 1, so the gravitational driving force for the perturbations growth tends to its GR value. There are many interesting features when we solve for γ(Ω m ). Let us start with the behaviour in the future. As Figure 5 : a)Left-hand panel: The behaviour of γ in DGP models is shown and compared to that in ΛCDM. We see that γ DGP > Γ DGP and hence γ DGP (Ω m ) is an increasing function, except for the tiny interval Ω m 11 16 and not 9 16 as one would have in GR. This is because the DGP model does not tend to GR in a smooth enough way, namely dg DGP dΩm −∞ = 1 3 = 0. In the future however, while DGP does not tend to GR with g DGP ∞ = 2 3 and w DGP ∞ = −1, the same asymptotic value γ DGP ∞ = 2 3 is obtained as in GR for w ∞ = −1 because gravity in DGP is weaker than in GR in the far future. Note that all four curves tend to 2 3 in the future. b) Right-hand panel; The same in function of z. We see that a value very close to 11 16 is quickly reached in the past. As 11 16 > 2 3 , Γ DGP (Ω m ) could be monotonically increasing, which it is except for the tiny range Ω m 10 −3 where γ DGP (Ω m ) is a decreasing function. gravity becomes weaker than GR in the future, γ DGP tends to γ GR ∞ corresponding to w GR ∞ = w DGP ∞ = −1. Note that this can still be so even if g grows but not too quickly, see the discussion in [15] . This can also be understood by looking at the asymptotic form of equation (17) for Ω m → 0. Indeed, the same equation is obtained in GR when g → constant, also for g = 1, and even more generally if gΩ 1−γ m → 0. Hence we obtain
In other words the same future asymptotic value is obtained as for ΛCDM.
We turn now our attention to the behaviour in the past. Curiously, while g DGP −∞ = 1 we would naively expect to have the same relation between γ DGP −∞ and w DGP −∞ = − 1 2 as between γ GR −∞ and w GR −∞ = − 1 2 . However this is not so due to the non-vanishing
In order to find γ(Ω m ), we can use the same method as in [8] and write eq. (17) for Ω m → 1. After some calculation, solving for γ(Ω m ) we obtain in the asymptotic past for the finite constant solution γ −∞ for arbitrary modified gravity models
where we have set
The GR result is recovered setting d = 0. Note that a similar relation was found between a constant γ corresponding to w −∞ = w −∞ in an arbitrary modified gravity model [8] . We finally obtain for the DGP model
So the (finite) γ −∞ corresponding to w −∞ = − 1 2 has the value γ DGP −∞ = 11 16 for a DGP model instead of 9 16 for GR. The derivation given here relies solely on the properties of the DGP model, eq. (36), and exhibits the origin of this anomalous value in an explicit way (see [6] , [21] for other approaches).
This value for γ DGP −∞ corresponds to the constant γ DGP (and g = g DGP ) yielding identical equations of state, w −∞ = w DGP −∞ , in the past. We can summarize this in the following way
The left hand side corresponds to a varying γ -the true γ obtained for w DGP and g DGP -while the right hand side corresponds to a constant γ in a modified gravity model with g = g DGP . A similar equality holds in the future and we have shown it here with the DGP model
Analogous equalities were found in [8] for GR and imply that the curves Γ(Ω m ) and γ(Ω m ) meet at Ω m = 0 and Ω m = 1, a property that we have used in the previous section. We have generalized this result to a class of modified gravity models including DGP models. As a corollary, we have the following important result: any modified gravity model with g(1) = 1, i.e. tending to GR in the past, however in a smooth way satisfying d = 0, will have the same limit γ GR −∞ (w −∞ ) as in GR. As we can see on figure (5), the curve Γ DGP (Ω m ) and γ DGP (Ω m ) intersect indeed at Ω m = 0 and Ω m = 1. In contrast to generic models inside GR, here we have γ DGP ∞ = 2 3 < γ DGP −∞ = 11 16 . Hence Γ(Ω m ) cannot be monotonically decreasing, at best it would be monotonically increasing. If that were the case, γ DGP (Ω m ) would be monotonically increasing as well, always lying above Γ DGP . Actually this is what happens between Ω m ≃ 10 −3 and Ω m = 1. It is only in the far future, Ω m 10 −3 , that the slope of γ DGP (Ω m ) is negative (i.e. γ DGP increases with expansion) and that the behaviour is similar to ΛCDM.
Summary and conclusion
The growth index γ allows to distinguish efficiently the phenomenology of dark energy (DE) models and has been used extensively for this purpose (see e.g. [23] ). In this work we have performed an analysis of the growth index evolution from deep in the matter era till the asymptotic future. In this way global properties are exhibited. While from an observational point of view the main focus lies in the low redshift behaviour of the growth index γ still, a global analysis yields some interesting insight and results. Some of the properties found here become transparent when we perform a global analysis of the growth index evolution. We have shown that when the growth index had a bump, resp. dip, in the recent past while the background evolution is similar to ΛCDM, today it is substantially lower, resp. larger, than 0.55 with a negative, resp. positive, slope dγ dΩm reflecting that the gravitational coupling G eff of the underlying modified gravity model is already decreasing, resp. increasing, with the expansion. The behaviour with a bump is a schematic representation of many f (R) models [9, 10] , the second case was considered in e.g. [18] .
Using results valid for a constant growth index, we suggest a condition giving the global sign of the slope dγ dΩm : when the curve Γ(Ω m ) introduced in Section 4 is monotonically decreasing then we have globally dγ dΩm < 0. This is the case in particular for models inside GR with a constant equation of state w DE = constant. Another interesting point concerns the value of the growth index for a given cosmological model at a given time. Actually the growth index γ can take a range of values. What is really meant by the value of γ(Ω m ) which corresponds to a given model is its value when the decaying mode of the perturbations mode tends to zero. We show that while the presence of a substantial decaying mode does not change the value of γ in the asymptotic future, this leads (as expected) to a divergence in the asymptotic past. It is only in the limit of a vanishing decaying mode that γ takes a finite value from γ −∞ in the asymptotic past (Ω m → 1) - 6 11 for ΛCDM -up to γ ∞ in the asymptotic future (Ω m → 0) -2 3 for ΛCDM. We have studied further the global behaviour of γ for the DGP model. In contrast to generic models in GR, we have γ DGP −∞ = 11 16 > γ DGP ∞ = 2 3 with w DGP −∞ = − 1 2 and w DGP ∞ = −1. While g DGP → 2 3 in the future, we have γ DGP ∞ = γ ΛCDM ∞ , so we get the same relation as in GR between γ DGP ∞ and w DGP ∞ = −1. Interestingly, while g DGP → 1 in the past so this model tends to GR in the past, γ DGP −∞ = 9 16 , the value expected in GR for w −∞ = − 1 2 . This is because the DGP model does not tend to GR in a way which is "smooth enough". Indeed, it satisfies dg DGP dΩm −∞ = 1 3 = 0. As a corrolary we find that any modified gravity model which tends to GR in the past yields a γ −∞ which is the same function of w −∞ as in GR provided dg DGP dΩm −∞ = 0.
Finally we find that γ DGP (Ω m ) is monotonically increasing from the past until the far future (Ω m ≈ 10 −3 ) where it crosses the curve Γ(Ω m ) in accordance with the condition mentioned above. The results presented in this work indicate that a measurement of γ on a significant part of the expansion could give interesting constraints and a deeper insight into the physics governing the Universe dynamics.
